We present an analysis of the occurrence of a frequency chirp on picosecond pump and signal pulses as a result of optical parametric amplification with a large phase mismatch in a medium with a large second-order susceptibility. When pump depletion and differences in the group velocity are neglected, a simple analytical formula shows that the signal pulse has a frequency chirp. The sign of the chirp is determined by the sign of Ak. Numerical calculations that account for changes in the pump and differences in the group velocity demonstrate that for higher intensities of the signal and the idler, the pump, the signal, and the idler develop a chirp. In all cases the chirp is large enough to increase the bandwidth of the pulses significantly.
INTRODUCTION
In recent decades second-order nonlinear optical processes have been used extensively to generate new wavelengths of light.' 3 In these processes the second-order polarization, which is due to two of the three fields present, amplifies or attenuates the third field if the condition of energy conservation Wl + 0) 2 = (03 is fulfilled.
An example of such a process is parametric amplification, where a pump field at W3 amplifies the field at 2 and generates a field at co 1 . Of cw, and (02, the lowest frequency is called the idler frequency and the highest is called the signal. The efficiency of the conversion processes is highest when the wave vector of the field at 03 equals the sum of the wave vectors at woI and W2 (phase matching). However, at the cost of a lower efficiency, a phase mismatch Ak = k 3 -k2-kl is possible. If all relevant effects such as phase mismatch, depletion of the pump, and differences in the group velocity are to be included, the equations that describe the interaction between the three fields cannot be solved analytically, and numerical calculations are needed. There are many examples in the literature in which either the analytical or the numerical approach or both were taken in order to calculate the amplitude and sometimes the phase of the pulses in, for instance, second-harmonic generations 4 and parametric amplification. 7 9 Most of these studies were focused on those cases in which obtaining high conversion efficiencies is important, so values of Ak ranged from zero to a few inverse centimeters only. It is the purpose of this paper to show that parametric amplification with a large Ak leads to a frequency chirp on the interacting pulses. When a strong pump pulse interacts with a weak signal pulse, the signal exhibits a chirp. When a pump pulse interacts with a strong signal and a strong idler pulse, all three pulses will develop a chirp.
THEORY
The equations that describe the second-order nonlinear interaction between three pulsed fields are well known and can be derived from Maxwell's equations by using the rotating-wave approximation and the slowly varying amplitude approximation.
The electric field is written as
where 5i is the electric field i, Ei the complex amplitude, ki the wave vector, and oi the angular frequency of field i.
The following set of equations results:
where vig is the group velocity of field i, ni the refractive index for field i, xeff the effective second-order nonlinear susceptibility, and Ak = k 3 -k2-k the phase mismatch. For picosecond pulses the group-velocity dispersion within the bandwidth of the pulse can generally be neglected" for pulses longer than 100 fsec and is therefore not included in the equations. Clearly, if we want to include effects such as pump depletion, phase mismatch, and differences in group velocity, we must solve Eqs. In principle Aw 0 ,(z,7) could become arbitrarily large simply by increasing z. However, Eq. (7) and approximation (8) were derived with the assumption that all the pulses have equal group velocities. In reality they have different velocities; so with increasing z the pulses have less overlap in time. To include the effects of this difference in the description, we have to return to Eqs. (2) . An additional reason for doing so is that Eq. (7) and approximation (8) were derived for the case of a strong pump pulse and a weak signal pulse. An increased signal strength could very well lead to a Awo,(z,,q) on the pump and could also lead to depletion of the pump. That is why we must solve Eqs. (2) numerically. We use a numerical method that is based on a new modified Runge-Kutta scheme. 2 These calculations give us the complex amplitudes of the pump, the signal, and the idler as they propagate through the medium. From these values the frequency chirp and the pulse shapes can be calculated.
RESULTS
In this section we present some examples of calculations of the occurrence of a frequency chirp. The calculations are carried out with LiNbO3 as the nonlinear material because it has a large x(2) and is readily available in relatively large sizes. Indices of refraction for LiNbO 3 are obtained by using the Sellmeier equations. 3 We assume type I phase matching (o + o > e). All the starting pulses are assumed to be bandwidth limited and Gaussian shaped. 2 ), and if we differentiate FD,(z,-q) with respect to 'q, we obtain the pump-pulseinduced frequency chirp for the signal:
To gain some insight, in Eq. (7) we make the approximations that Ak is large enough that AkA (77) (8) it can be seen that the chirp grows linearly with distance. We can increase Awcc(z,-q) by simultaneously increasing go(-q) and Ak so that the assumptions under which Eq. (8) was derived are fullfilled. Equation (7) and approximation (8) contain the X(2) of the medium, and the chirp is therefore caused by the secondorder nonlinear interaction between the pulses. We also see that the sign of Aw,(zi7) is determined by the sign of Strong Pump, Weak Signal In order to describe the interaction between a weak signal pulse and a strong pump pulse, we assume that the signal is weak enough to justify neglecting changes in the phase and amplitude of the pump. In that case we can use Eqs. (5) and (7) . For the starting pulses we take a 1-GW/cm 2 , 532-nm, 40-psec pump pulse and a weak 40-psec, 900-nm signal pulse. Parameters for the pump correspond to a value of go( = 0) of 17 cm-'. In the calculations the crystal length is taken to be 5 cm. In (7) is responsible for the oscillations that appear on the chirp for Ak = -30 cm-'. Since now the condition 902()/Ak2 << 1 does not hold, the signal amplitude will also change, through Eq. (5). This is demonstrated in Fig. 2a , where the reduced intensity I(z = 5,77)/ I(z = 0,7 = 0) of the signal is plotted versus r7. Not only is there a considerable increase in signal amplitude, but because of the interference term in Eq. (5), oscillations begin to distort the signal pulse.
Strong Pump, Strong Signal
To study the influence of the possible depletion of the pump, we use numerical calculations. We again take as starting pulse a -GW/cm 2 , 532-nm, 40-psec pump pulse but now there is also a chirp on the pump. The amplitudes of the signal and the pump have changed significantly, as can be seen in Figs. 2b and 4a , especially for the smallest values of Akj, where oscillations appear that are similar to those in Fig. 2a .
Finally, we include differences in group velocity, obtained by means of the Sellmeier dispersion equations, between the pump, the signal, and the idler in the calcula- tions. The amplitudes of the pulses are calculated with respect to a coordinate system that is attached to the signal pulse. In this system -q = 0 corresponds to the center of the signal pulse. Starting pulses are exactly the same as in the previous case. In Figs. 1c and 3b the chirp and in Figs. 2c and 4b the intensities of pump and signal are again presented as a function of time q. The influence of the different group velocities can be clearly seen from the fact that the curves have lost their symmetry, although the general features, such as the oscillations for the smallest Akj, are preserved in a modified way. At these wavelengths the differences in group velocity between the pump on the one hand and the signal and the idler on the other are quite large in LiNbO 3 . It is interesting to see that the group-velocity difference is the cause of the fact that the center, where Aw,(z = 5,-q) is zero in Figs. 1c and  3b , does not coincide with the (approximate) center of the pulses in Figs. 2c and 4b anymore. This gives rise to a shift in the central frequency of the pulses.
Although not shown here, results for the idler are qualitatively the same as those for the signal.
DISCUSSION
The above calculations were carried out with the assumption that the beam walk-off could be neglected. In prac- tice, when beams have a finite diameter walk-off shortens the interaction length. When beam diameters are larger than a few millimeters and with a LiNbO 3 crystal length of 5 cm, walk-off can be neglected.
The calculations show that it is possible to create a frequency chirp on pulses by means of parametric amplification with a large phase mismatch. The process is reminiscent of the so-called induced phase modulation (IPM), in which a weak pulse is phase modulated by the time variation of the index of refraction of the medium, which is caused by a strong pump pulse. 4 In our case, however, the chirp is caused solely by the interaction between the pulses through the second-order nonlinear polarization in the medium, and no change of the index of refraction is involved.
The cause of the chirp can most easily be understood from Eq. (6). In the limit that no pump pulse is present, i.e., go(,q) = 0, Eq. (6) reduces to a constant timeindependent phase. When a pump pulse is present, the signal accumulates a phase (cI in the center of the pump pulse at a rate that is different from the rate at which the phase accumulates in the wings of the pump pulse. The sign of Ak actually determines whether the growth of the phase at the center will be larger or smaller than the growth in the wings and thereby determines the sign of Awj(z,7) . If lAki becomes much larger than 90 cm-', the interaction between the pulses goes to zero.
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When pump, signal, and idler enter the crystal simultaneously, it is the phase difference that determines whether energy will initially flow from pump to signal and idler or vice versa. Because Ak is so large, the phase difference will change rapidly with distance z, making the initial phase difference of little importance to the final size of the chirp. The rapid change in the direction of the energy flow as a function of distance causes the amplitudes of the pump, the signal, and the idler to oscillate rapidly as a function of distance. This means that in the plots of the intensities of the pulses with k = -30 cm-' a small increase in z is sufficient to change intensity peaks into valleys and vice versa.
The occurrence of the chirp has consequences for the bandwidth of the pulses. A bandwidth-limited 40-psec, 532-nm, Gaussian pump pulse has a bandwidth of 0.4 cm-'. The frequency chirp will lead to a considerable increase of that bandwidth. However, the increased bandwidth is still smaller than the bandwidth of a 100-fsec pulse, and therefore we can neglect the group-velocity dispersion within the bandwidth of the pulses in Eqs. (2) .
The chirp on the signal can be made linear throughout most of the signal by taking a somewhat longer pump pulse, so that the linear regime extends further into the wings of the signal pulse. This fact is important if one is interested in using the increased bandwidth to compress the pulses to shorter pulse durations.
To create a chirp on the signal with frequency , one must rotate the crystal in order to obtain a Ak. The crystal is then automatically phase matched for a different frequency w + Awc. If the gain is large enough, this frequency will be generated by starting from quantum noise. If no precautions are taken this new beam will grow exponentially and will eventually deplete the pump. There are two ways to circumvent this problem at least partially. First, in the frequency region close to degeneracy, mismatching the interacting beams can cause the crystal to rotate through the degeneracy point of the tuning curve, beyond which no new frequencies can be generated. This is important to realize because it is also possible to generate a frequency chirp at degeneracy when the frequency of the pump is exactly twice the frequency of the signal, i.e., a fundamental and its second harmonic enter the crystal simultaneously. ' 5 Note, however, that for LiNbO 3 this is true only for positive Ak.
Second, from a theoretical point of view it is always possible to cut the crystal into smaller pieces and block the undesired frequency with the help of suitable filters between the pieces. Since the growth of this new signal depends exponentially on the crystal length, changing to shorter crystals will drastically decrease the intensity of the generated light.
We chose LiNbO 3 as the nonlinear material. The general features of the chirp will be preserved in other nonlinear crystals. An indication of the size of the chirp in other crystals may be obtained from approximation (8) , where it is shown that Aj(z,x7) depends linearly on z and intensity but quadratically on X(2. If it were possible to grow a 5-cm-long ,-barium borate (BBO) crystal, then its X(2), which is somewhat smaller than that of LiNbO 3 , could be more than compensated for by taking a higher intensity. It is noted that the damage threshold of BBO is much higher than that of LiNbO 3 . In general the quadratic dependence of the chirp on Xeffy seems to favor crystals like LiNbO 3 and BBO over a crystal like KDP.
Finally, we note that it is interesting that in an experiment the size and sign of Ak are accessible experimental parameters that can be changed by simply rotating the crystal optical axis with respect to the polarization of the lasers.
CONCLUSIONS
Calculations show that in the process of parametric amplification a X(2) frequency chirp of the pump, the signal, and the idler is generated if the phase mismatch is large. The chirp on the pump has the largest values if the pump and the signal both have a high intensity. The sign of Aw¢(z,-q) is determined by the sign of Ak. Our description of the effect is valid if the bandwidth of the pulses is not too large. Differences in group velocity lead to more complicated results. The effect may provide a way to manipulate the spectral content of picosecond pulses and to shorten their duration.
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